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Transient flow of a viscous incompressible fluid
in a circular tube after a sudden point impulse

B. U. FELDERHOFY}

Institut fiir Theoretische Physik A, RWTH Aachen University, Templergraben 55,
52056 Aachen, Germany

(Received 18 March 2009; revised 1 June 2009; accepted 1 June 2009; first published online
18 September 2009)

The flow of a viscous incompressible fluid in a circular tube generated by a sudden
impulse on the axis is studied on the basis of the linearized Navier—Stokes equations.
A no-slip boundary condition is assumed to hold on the wall of the tube. At short
time the flow is irrotational and may be described by a potential which varies with
the square root of time. At later times there is a sequence of moving and decaying
vortex rings. At long times the flow velocity decays with an algebraic long-time tail.
The impulse generates a time-dependent pressure difference between the ends of the
tube.

1. Introduction

The nature of flow of a fluid in a circular tube is of great interest in science
and technology. The steady state Poiseuille flow caused by a pressure gradient is
given by a simple solution of the nonlinear Navier—Stokes equations, with a well-
known parabolic flow pattern (Happel & Brenner 1973). Another type of flow is
caused by the motion of a particle suspended in the fluid. Since the flow acts back
on the particle, for given applied force its motion is profoundly influenced by the
presence of the wall. For constant force and low Reynolds number the motion may
be calculated from the steady-state Stokes equations. The Green function solution of
these equations, corresponding to the motion of a particle of radius much smaller
than the radius of the tube, and for no-slip boundary condition at the wall of the
tube, was first obtained by Hasimoto (1976) and by Liron & Shahar (1978). The
solution shows a quite complicated flow pattern, consisting of an infinite sequence of
eddies of amplitude decreasing exponentially with distance from the source point. It
also shows a pressure rise between the two ends of the tube. In combination with
Poiscuille flow the pressure rise is interpreted as an additional pressure drop (Brenner
1970; Pozrikidis 2005).

In the present article we study the dynamics of flow in a tube, generated by a moving
particle suddenly set in motion. It is of interest to see how eddies develop in time,
starting from irrotational flow at short time. The analysis is based on the solution of
the linearized Navier—Stokes equations for a sudden impulse applied at a point on
the axis and directed along the axis. The fluid is assumed to be incompressible. The
explicit form of the corresponding Green function is found as a Fourier integral over
wavenumber and frequency. At any time the flow velocity decays exponentially with
distance along the axis, but at any fixed point it decays in time with an algebraic
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t75/? long-time tail. The time integral of the Green function is identical with the
steady-state Green function studied by Hasimoto (1976) and Liron & Shahar (1978).

The pressure disturbance diverges at short time, as in the case of a plane wall
(Felderhof 2009). The pressure rise between the ends decays to zero in the course of
time. The velocity autocorrelation function of a Brownian particle centred initially
on the axis decays with a negative t~>/ long-time tail at long times, the negative sign
apparently being due to the adverse pressure gradient.

An attempt to calculate the time-dependent Green function was made earlier by
Smith (1994), but there is an error in his equation (3.6). He claimed that at long
distance along the tube the flow velocity tends to a non-vanishing profile at any time,
in conflict with the behaviour found here.

2. Linear hydrodynamics of flow in a circular tube

We consider a viscous incompressible fluid of shear viscosity n and mass density p
located in a circular tube of radius b. We choose coordinates such that the z-axis is
along the axis of the tube. For time ¢ < O the fluid is at rest at static pressure p,. At
time ¢+ = 0 an impulse P is imparted to the fluid at the origin and directed along the
z-axis. We study the resulting motion of the fluid for time ¢ > 0.

For small-amplitude motion the flow velocity v(r,t) and the pressure p(r,t) are
governed by the linearized Navier—Stokes equations

3
pit’ =V —Vp+ Ps(r)s(t), V-v=0, (2.1)

0
with impulse P = Pe,. The pressure p(r,t) is determined by the condition of
incompressibility. We assume that the flow velocity satisfies the no-slip boundary
condition at the wall of the cylinder, i.e. v =0 at R = b.

We look for the solution of (2.1) for which the flow velocity v(r, ¢) vanishes as
z — £oo at any time ¢. The condition of incompressibility and Gauss’ theorem imply
that for this solution

/ v.(r,1)dS =0, (2.2)
=20

where the integral is over the cross-section of the tube at z = zy, for any point z.
Hence the impulse causes no net transport of fluid. The momentum P is transferred
to the wall of the cylinder.

After Fourier analysis in time we find that the equations for the Fourier components

vo(r) = /0 éu(r 1) dl, pulr) = /0 S lpr ) —pldi (23)

are
n(Vsz — asz) —Vp, =—P4(r), V-v,=0, (2.4)

where we have used the abbreviation
o = (—iwp/n)'?, Ra > 0. (2.5)

We use cylindrical coordinates (R, ¢, z). On account of axial symmetry the flow
may be derived from a Stokes stream function (Acheson 1990) according to

¥R z1) e¢>. (2.6

v(r,t)=V><< R
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The two non-vanishing components of the flow velocity are given by

1 0¥ (R, z,1) 1 0¥ (R, z,1)
)= (r t) = ———1 7, 2.7
Ue(r, 1) = = vlr 1) = 27)
We express the stream function as
Y(R,z,t) = %(R,z,t) + Wi(R, z, 1), (2.8)

where Y¥y(R, z,t) is the stream function for infinite space, and ¥i(R, z,t) is the
correction necessary to satisfy the no-slip boundary condition at the wall of the
cylinder. The stream function for infinite space is given by (Smith 1994; Felderhof
2008)

2

P R
Yo(R = — — 2.
o(R, z,1) 4m?x(r, 13 (2.9)
with r = \/R? + z2 and with radial function

v r v r?
X(r, t)— rerf(\/m) — mexp(—éhn), (210)

where v = n/p is the kinematic viscosity. The corresponding Fourier transform is

P {l—e_‘” e_‘”} R?

You(R, 2) = 7— 3 ER

2.11
4mn a’r o ( )

We calculate the correction term ¥ (R, z, t) from a Fourier transform with respect to
time and in addition put

P 0
W (R, 2) = 2n277/ ¥1(R, k, w) coskz dk. (2.12)
0

In order to apply the boundary condition at R = b we must cast the function ¥, (R, z)
in the same form. Thus we write

P o0
Y.(R,z) = / Yo(R, k, w) coskz dk, (2.13)
21t27] 0
with the function
1
Vo(R, k, w) = — [kRK (kR) — sRK (s R)], (2.14)
o

with modified Bessel function K;(x) and the abbreviation

s =Vk*+ o2 (2.15)

For r > 0 the stream function must satisfy the equation

EXE*¥,) —o’E*Y,, =0, (2.16)
where the linear operator E? is defined by
2 9f
Ef=Vf—-=~2. 2.17
f=V RIR (2.17)

It is easily checked that (2.16) is satisfied by the function ¥,(R, z) in (2.11). In order
to satisfy the equation for ¥, (R, z) we put

Vi(R, k, @) = A(k, @)RI,(kR) + B(k, w)RI,(sR). (2.18)



288 B. U. Felderhof

The no-slip boundary condition at R = b is satisfied provided the total stream
function ¥, = ¥, + ¥, and its derivative with respect to R vanish at R = b. Hence
we find for the coefficients A(k, w) and B(k, w) :

_ Pk, o)
- Z(k,w)’

_ 0k, w)
- Zk,w)’

Ak, w)

B(k, ) (2.19)

with denominator
Z(k, w) = azb[slo(sb)ll(kb) — kly(kb)I,(sb)] (2.20)

and numerators

P(k, w) = s — k*bKo(kb)I(sb) — ksbly(sb)K(kb), } (2.21)

Ok, w) = k — s*bK(sb)I,(kb) — ksbIy(kb)K(sb).
The two non-vanishing components of the velocity field vy, (r) are

18'1/60 R,z P Rz wr
UORw(")=—ROa(z)=4nna2r5[3—(3+ar+a2r2)e 1,
Lot _ P [ 2 IF

R 0R  4mp 22

UOzw(r) =

R2
= ) [1—(1+ar)e™] + e_“’ﬁ} .

(2.22)

The corresponding components of the velocity field v, (r) are

Vige(r) = /w[A(k, w)I1(kR) + B(k, w)I1(sR)]k sinkz dk,
0

21y
P
2m2n

(2.23)

Viso(r) = / [A(k, w)kIo(kR) + B(k, w)sIy(sR)] coskz dk.
0
We note that with P = 1 the sums of the expressions in (2.22) and (2.23) represent
the elements Gg,(r, ro, w) and G (r, ro, w) of the Green function tensor for source
point rq at the origin.
The pressure corresponding to the point excitation in infinite space has the dipolar
form

17-P
1)=— 8(t). 2.24
polr.1) = - 6() (224)
This corresponds to the Fourier transform
1¢7-P
S(r)= ———, 2.25
Poulr) = - (225)

independent of frequency. The long-range pressure field is established instantaneously,
because the fluid is incompressible. The wall of the cylinder creates a pressure field
pi(r, t), which persists for r > 0. It satisfies Laplace’s equation at any time ¢. From
the z component of (2.4) and from (2.23) we find for its Fourier transform

P [

Pio(r) = lw/ A(k, w)Ip(kR) sinkz dk. (2.26)

27'[21) 0
The coefficient A(k, w) diverges as 1/w at low frequency, so that p,(r) does not
vanish in the steady state limit. It is known from the work of Liron and Shahar

(1978) and of Blake (1979) on the steady state problem that it has an interesting
profile.
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3. Steady-state limit

It is worthwhile to consider separately the steady state limit of the above expressions,
corresponding to zero frequency. The calculation yields the Green function for the
steady state Stokes equations for source point at the origin and no-slip boundary
condition at the wall of the cylinder. The Green function for arbitrary source point
has been obtained earlier directly from the Stokes equations (Hasimoto 1976; Liron &
Shahar 1978).

We consider first the Green function for infinite space. From (2.14) we find at zero
frequency

1
Yo(R, k, 0) = ERZKO(kR). (3.1)
Inserting this into (2.13) we find for the steady state stream function
2
Y(R,z) =P , 3.2
(R D) =P (32)

in agreement with Oseen’s tensor. The corresponding pressure is found from (2.25).
It is less straightforward to take the zero frequency limit in (2.18). Both coefficients
P(k, w) and Q(k, w) vanish at zero frequency, and the terms linear in w have opposite
sign. The coefficients must be expanded to order w?. The function Z(k, w) in (2.20) is
proportional to w? at small frequency. In addition we must take account of the term
linear in w in the expansion of the Bessel-function /;(sR) in (2.18). Altogether we find

V1(R, k,0) = A (k)bRI{(kR) + A>(k)R*I>(kR), (3.3)
with coefficients
_ Py(kb) _ Py(kb)
M= e 0= T (34)

where the numerators are

Pi(x) = x1,(x) Ko(x) + B(x)[x Ky (x) — 2Ko(x)], } (5)
Py(x) = —x[L(x)Ko(x) + I (x)K1(x)],
and the denominator is given by
M (x) = 2x[Io(x) Ir(x) — L(x)*]. (3.6)
The function Dy(x) of Liron and Shahar (1978) is given by
Dy(x) = I;(x)M (x). (3.7)
We note that
M(iy) = 2i[y(Jo(y)* + Ji(y)*) = 2Jo(y) (V)] (3.8)

which shows the relation to Blake’s expression (7e) (Blake 1979).
It can be shown that the sum function

V¥ (R, k,0) = ¥o(R, k, 0) + ¥ (R, k, 0) (3.9)

is even in k. Hence for the sum the integral analogous to (2.12) at @ = 0 may be
expressed as

o0

P I
Y(R, z) = prems W (R, k, 0)e*F dk, (3.10)

and the integral may be performed by contour integration. The function M(x) in (3.6)
has zeros in the upper half of the complex x plane, occurring in conjugate pairs with
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FIGURE 1. Streamlines of the steady-state flow pattern (vgo(R, z), v;0(R, 2))
showing the first vortex ring.

respect to the imaginary axis. This leads to the alternative expression

W(R.2) =R Y Fu(R)e, (3.11)
n=1
where the sum is over the zeros {x,} of M(x) excluding xo = 0, and the function F,(R)
is determined by the residue corresponding to x,. Numerical values of the zeros have
been listed by Friedmann, Gillis & Liron (1968). We have found that the integral
form of (2.12) with amplitude ¥ (R, k, 0) as given by (3.3) is convenient in numerical
evaluation.
The components of the steady state velocity field vo(r) are

leo(r) = 2:;77 /Ow[Al(k)bll(kR) + Az(k)RIz(kR)]k sin kz dk,

P
212y

(3.12)

Ulzo(r) = /%[Al(k)blo(kR) + Az(k)RIl(kR)]k coskz dk.
0

From the z component of (2.4) and from (3.12) we find for the steady state pressure
P o0
po(r) = 7:2/ As(k)Io(kR)k sinkz dk. (3.13)
0

For any value of R < b the integral tends to the value n/b? for large positive z, and to
—m/b? for large negative z corresponding to the behaviour A,(k) = 2/(k*b?*)+ O(logk)
for k — 0.

It follows from the expression (3.11) for the steady-state stream function that the
steady-state flow pattern shows an infinite sequence of vortex rings. In figure 1 we show
the first vortex ring of the steady-state flow in the range 1.56 < z < 3b, 0 < R < b.
On the axis the steady-state velocity v,o(0, z) reverses sign at zo = 2.14b. In figure 2 we
plot the velocity component v,(0, z) in the interval 2b < z < 4b. In the numerical work
we use units such that b =1, p =1, and n = 1, and choose P = 4mnn. The negative
velocity has been interpreted as an attractive hydrodynamic pair interaction (Cui,
Diamant & Lin 2002). However, the effect is very weak and probably undetectable.
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FGURE 2. Plot of the steady-state velocity component 10°v,9(0, z) on the axis in the interval
2b < z < 4b. In all figures the units are such that b =1, n=1, p =1 and P = 4r.

4. Potential flow

Immediately after the impulse the flow is irrotational and equal to the gradient of
a scalar potential satisfying Laplace’s equation. We can find the potential ¢(r) by
considering the high-frequency behaviour of the Stokes stream function. For infinite
space we see from (2.11) that the stream function behaves as

P R?
‘Ifow(R, Z) ~ mm, as o — 0. (41)
This corresponds to the dipolar potential
1 7-P
= — 4.2
Bo(r) = g (42)
and the short-time behaviour
1 —1+3Ff
vo(r 1) ~ —Voo(r) = — "0 p ast >0+, (4.3)
4o r3

We derive a similar expression for the correction term vy (r, 0+).
At high frequency the coefficient A(k, w) in (2.19) behaves as

kK (kb) 1
A(k, a)) = —m + [0 5 , as o — 0. (44)
The coefficient B(k,w) tends to zero exponentially fast. Hence the asymptotic
behaviour of the stream function is, from (2.12),

P [* kK (kb)
/

Yi,(R,z) = ;
w(R2) > 55 1(kb)

RI|(kR) coskz dk, (4.5)

corresponding to potential

P *“ kK (kb) .
d1(R,2) = TP /0 1,(kb) Iy(kR) sinkz dk. (4.6)

The dipolar potential for infinite space may be expressed alternatively as

¢o(R, z) = /w kKo(kR) sinkz dk. 4.7
0

2m2p
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Hence it is evident that the radial derivative d¢/d R of the sum

(R, z) = Po(R, z) + ¢1(R, 2) (4.8)

vanishes at R = b, so that at the wall the short-time flow velocity is parallel to the
wall. The behaviour at the boundary of the irrotational flow corresponds to perfect
slip. For R < b the integral in (4.6) tends to the value nt/b* for large positive z, and to
—n/b? for large negative z corresponding to the behaviour (Ki(kb)/I,(kb))Io(kR) =
2/(k*b?) + O(logk) for k — 0.

The initial value of the flow velocity is

v(r,0+) = —V¢(R, 2). 4.9)
The radial component of the velocity is given by the integral
* Ki(kb) . )
R,z,04) = Ki(kR) — I (kR kz k* dk 4.10
2,04 = o [ kcr) = SE )| sk ok @0
and the axial component by
—-P [~ K1(kb) 5
R,z,04+) = Ko(kR) + ———Iy(kR kz k° dk. 4.11
ez 00 = 5 [ Kkr)+ T )| cosis @)

For large values of |z| these expressions are not convenient in numerical calculation.
Instead by a change of contour in the plane of complex wavenumber we find the
alternative expression for the radial component

P _1+41i [* Ki(kb) ke 12
R,7,04) = 3 Ki(kR) — Ii(kR)|e" k-~ d&, 4.12
vr(R, z,0+) 2112,0\5 NG /0 { 1(kR) 1,(kb) 1(kR)|e § (4.12)
with the change of variable
1+i
k= . 413
NE § (4.13)
Similarly, the axial component is given by
—P _1+1 [* Ki(kb) ] s 12
v,(R,z,04+) = —R—— Ko(kR) + Io(kR)|e™ k~ d&. 4.14
R v R L S

If we expand the coefficient A(k, w) in inverse powers of « to order 1/a?, we find
instead of (4.4)

Ak, w) =

kK (kb) k 1
] o

- ot : 4.1
(lel(kb) (x3b11(kb) a4> ) as o — +oo ( 5)

The second term yields a potential flow varying as the square root of time. We write

the flow velocity corresponding to this term as v'(r, 1) = —V¢'(r, t) with potential
P 4vt [k
(R, z,1) = — ———Iy(kR) sinkz dk. 4.16
BR300 = s s [ k) sinks (4.16)

For R < b, the integral tends to the value 27t/b? for large positive z, and to —2m/b* for
large negative z corresponding to the behaviour Io(kR)/1,(kb)*> = 4/(k*b*) + O(1) as
k — 0. The time derivative of this potential corresponds to a pressure which diverges
as 1/, at short time.
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FIGURE 3. Plot of the factor (P/2n°b*)P{(0.6b, z) in (5.4) as a function of z (short dashes),
compared with the potential ¢(0.6b,z), as given by (4.6), (long dashes) and with the
steady-state pressure p10(0.6b, z), as given by (3.13) (solid curve).

5. Pressure
The pressure may be expressed as

p(r.t) = p;+ pd(R, 2)8(t) + dp(r, 1), (5.1)

where the time dependence in the last term may be calculated from (2.26). The delta-
function contribution may be regarded as the incompressible limit of the effect of
sound waves. By use of the expansion (4.15) in (2.26) we see that at high frequency
the Fourier transform of the pressure behaves as

P !
plw(r) ~ p¢1(Rs Z) + 27‘521730[ Pl(Rv Z)7 as w — OO, (52)

with amplitude
ok
P{(R,z)=b" | ———=Iy(kR) sinkzdk. 53
((R,2) =0 [ k) sinks (53)
The second term in (5.2) corresponds to a pressure surge diverging as 1/ \ﬁ at short
time,
P v
——/—P/(R, 2). 4
202 \| wpry TR (54)
In figure 3 we plot the behaviour of the factor (P/21*h*)P{(R, z) for R = 0.6b as a
function of z. It follows from the remark following (4.16) that the factor tends to 4 at

large positive z. The pressure contribution in (5.2) is related to the potential in (4.16)
by

pi(R, z,1) =

PR 20 = p 2D (55)
In figure 3 we also plot the behaviour of the potential ¢,(0.6b, z), as given by (4.6),
as well as the behaviour of the time-integrated pressure disturbance pio(0.6b, z), as
given by (3.13). One can understand the initial rise of pressure with increasing z by
considering a long tube of length 2L with L > b, which is closed at the ends. The
fluid is pressed against the wall at z = L by the force exerted at z = 0, and this causes
a rise of pressure, which decays in the course of time. At any time the pressure tends
to a constant at large positive z, but the constant rapidly decays to the static value

ps as time goes on.
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The behaviour of the pressure as a function of time follows by inverse Fourier
transform of the expression in (2.26). The transform may be expressed as

P1o(r) = pp1(R, 2) + (p10(R, 2) — p$1(R, 2))G (R, z, ), (5.6)

with the property
G,(R,z,0)=1. (5.7
Evaluation of the inverse Fourier transform requires numerical integration over
frequency and wavenumber. The calculation is time consuming, and it is worthwhile
to look for an alternative procedure. We use the method of Padé approximants,
which has the advantage of providing more insight in the analytic structure. The

high-frequency behaviour given by (5.2) suggests that the function G,(R,z, @) is a
meromorphic function of @ and can be expressed as

Gy(R.z.a) =Y AR <)

j T — 0 (R D) — R (5.8)

with residues {A;} and pole positions {g;} satisfying the sum rules
A
Yo Sl=—1, Y A =11, (5.9)
;4 j

with the abbreviation

_ PP
212b3 pio — pp1

We have omitted the dependence on (R, z) for brevity. The time-dependent pressure

at a chosen point (R, z) is given by

Iy (5.10)

v /

P
R’ 7t = s R7 5 t N1 7P R’
P(R,z,t) = ps + pd(R, 2) ()+2n2b2 p—en (R, 2)

+ (P1o(R.2) = pd1(R. 2)) D A;(R. 2)q;(R. Jw(—ig;(R. 2)/vr).  (5.11)

where w(¢) = exp(—¢?)erfe(—i¢) is the w function (Abramowitz & Stegun 1965).

We have shown for a point source near a plane wall (Felderhof 2009) that in that
case the flow velocity at any point decays at least as fast as /2 at long times.
Numerical calculation shows the same behaviour for the pressure in the present
situation. As a consequence there can be no term of order « in the expansion of the
function G (R, z, @) in powers of a. We take this into account in the construction of
the Pade approximant to the function G ,(R, z, ). The absence of the term corresponds
to the sum rule

A
> =5 =o. (5.12)
74
Taking account also of the sum rules in (5.9) we write the function G ,(«) in the form
o?
G =1 14+ ——1, 5.13
=1/ (14 ) (5.13)

where ¥(a) tends to a constant as @ — oo. In the Padé approximant the function
¥ () is approximated by a ratio of two polynomials P4(«)/Pz(). In order to find
numerical values for the coefficients of the polynomials we need to calculate the
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FIGURE 4. Plot of the pressure perturbation 3p(R, z,t), as given by the sum of the last two
terms in (5.11), as a function of ¢ /1, with 7, = b=/v, at (R, z) = (0.6b, 0.5b) (solid curve), and
at (R, z) = (0.6b, 2b) (dashed curve).

value of G,(a) at selected values of «. This requires numerical integration over
wavenumber only, and is a fast procedure. In figure 4 we show the behaviour of
the pressure 8p(r,t) as a function of time for the two points (R, z) = (0.6,0.5)b
and(R, z) = (0.6, 2)b. From the remarks following (3.13) and (4.8) it follows that the
term p¢1(R, z)8(¢) contributes half the time integral of pi(R, z,t) at large |z|. The
time integral of dp(R, z, t) contributes the other half.

6. Flow velocity

The flow velocity at time 7 at a point (R, z) in the tube follows by inverse Fourier
transform of the expressions in (2.22) and (2.23). The steady-state flow pattern is
identical with the integral over all time of the evolving flow pattern, as evaluated here
from the initial-value problem.

The time-dependent flow velocity is written as

v(r,t) =vo(r, 1)+ v(r, 1), (6.1)

where the free-space part vy(r, ¢) follows from the stream function given by (2.9). The
cylindrical components are expressed as

UR(R7 Z, t)=UR(RaZ7 0+)VR(R’Z7 t)a (62)
VR, 2,1) = v(R, 2, 0H)y:(R, 2, 1), '

with prefactors which follow from (4.10) and (4.11), and with
Yr(R,z,0+) =1, v:(R,z,0+) = 1. (6.3)
The Fourier transform given by (2.22) and (2.23) is expressed as

vRa)(Rv Z) = URO(Rv Z)GR(Rv 2, (,()), }

Vw(R,2) = UzO(R, Z)GZ(R’ 7, W), (64)

with prefactors given by (3.1) and (3.12). At high frequency the Fourier transforms
behave as

r(R, zZ /.(R, z
GR(Rv Z? w)z_ R(la) )’ GZ(R7 Z’w)z_%’

(6.5)
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with numerators given by

vr(R, z,0+) v.(R, z,0+)
URO(RaZ) vZO(RaZ)

The numerical evaluation of the time-dependent velocity v(r, ¢) requires integration
over frequency and wavenumber. Again we use the method of Padé approximants as
a more rapid procedure. Thus, in analogy to (5.8) the transforms are expressed as

Ar(R, ) = ; 4z(R,z) = (6.6)

AR'(Rv Z) AZ'(R7 Z)
G (Ra Z»a): Ji, Gz(R» Z7a)= ji’ (67)
. ;a_QRj(sz) ;Ol_%j(R»Z)
with residues {A;} and pole positions {g;} satisfying the sum rules
2. 2TR; =-1 2. Arj =0, > Ariqrj = AR /v, 68)

Ay _ B B
Zj E =1 Zj Ay = 0, Zj Aziqy = Az/V.

We shall use in addition a sum rule based on the absence of the term linear in « in
the expansion in powers of «. If we expand the expressions in (2.22) in powers of «,
we obtain

Vora(r) = - {RZ + O(az)},

4 2r3
L (6.9)
P | R -+ 27 2 )
UOzw(r) = 471:77 73 - §0l + O(Ol ) .

We have shown for a plane wall that the term linear in « is cancelled precisely in the
total flow, corresponding to the absence of a t~3/? long-time tail (Felderhof 2009). We
must expect that a cylindrical wall has the same effect. The absence of the linear term
is confirmed by an asymptotic analysis of the behaviour of the integrals in (2.23) for
small k¥ and w. The absence of a linear term in « in the expansion of the total flow
velocity v, (r) implies the sum rules

S AN g YA, (6.10)

2
L e

In addition we wish to take exact account of the short-time behaviour. The pressure
surge proportional to 1/ \ﬁ, found in the preceding section, corresponds to a \/?
variation of the flow velocity at short time. We therefore write the function Gz(R, z, @)
in the form

1

14+ va?/ig — ,u,Rozz/(A%Ol + 1ﬁR(Ol)) ’

with a function ¥g(a) which tends to a constant as @ — co. At small @ the function
G behaves as

Gr(R,z,0) = (6.11)

Gr(R,z,a) =1+ ( Hr__ AU ) o’ + 0(ad), asa — 0, (6.12)
Yr(0) g
and at large « the function behaves as
;L/
Gr(R,z,a) = —Rz + % + 0(a™), as o — oo. (6.13)
va Vi
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FiGURE 5. Plot of the flow velocity components vg(0.6b, 0.5b, t) (dashed curve) and
v,(0.6b, 0.5b, t) (solid curve) as functions of ¢/z;.

Similarly the function G,(R, z, @) is written in the form
1
1+ va?/A, — p.0?/ (Ao + ¥.(a))

with a function ¥, («) which tends to a constant as « — co. The behaviour at large «
of the functions G and G, corresponds to the sum rules

p s
> Amdr =5 Y Ayah = (6.15)
j ;

G.(R, z,0) = (6.14)

v2

The coefficients uz(R, z) and u.(R, z) are found from (2.23) and (4.15). This yields

—V2P * Li(kR)
R.z) = k* sinkz dk,
(R, 2) 2n2an0(R,Z)b/o 11(kb)* ) (6.16)
—2P * Iy(kR) , .
R.7) — K? coskz dk.
Kz(R, 2) 212nv.0(R, z)b /0 I (kb)? oS

Each of the functions {z() and ¥ («) is approximated as a ratio of two polynomials
in «. It follows from (6.7) that the time-dependent velocity v(r, ) has components

Vr(R, z,1) = vgo(R, 2)V Z Agj(R, 2)qr;(R, 2)w(—igg;(R, 2)\/v1),

UZ(R’ <, t) = vz()(R, Z)U Z AZ_,'(R, Z)qz_,-(R, Z)w(_iqu(R, Z)\/ﬁ) (617)

In figures 5 and 6 we show the velocity components vz and v, for the two points
(R,z) =(0.5,0.5)b and (R, z) = (0.5, 2)b as functions of time.

One gets an impression of the flow pattern by plotting the velocity components at
a chosen time as functions of R for fixed z. In figures 7 and 8 we plot vk and v, at the
cross-section z = 0.5 at times 0.027, and 0.071,, and compare with the initial values
vr(R, z,04) and v,(R, z, 04), as well as with vgo/7, and v,o/1,. The latter quantities
correspond to the time integral of the flow. Note that the initial value v,(R, z, 0+),
corresponding to potential flow, does not satisfy the no-slip boundary condition. In
figures 9 and 10 we plot the same quantities for the cross-section z = 2.3. The centre
of the first vortex for the steady-state flow is at R = 0.64b, z = 2.20b. In connection
with the conservation law (2.2) it is convenient to plot the product Rv,. The integral of
Rv, must vanish when integrated between R = 0 and R = b, and this can be checked
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FIGURE 6. Plot of the flow velocity components 1000vg(0.6b, 2.3b, t) (dashed curve) and
3000v,(0.6b, 2.3b, t) (solid curve) as functions of ¢/t,.
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FiGure 7. Plot of the flow velocity component vg(R,0.5b,¢) at cross-section z=0.5b as
a function of R at the initial time r =04 (dash-dotted curve), and at times r=0.027,
(solid curve), and r =0.071, (long dashes). We compare with the time-integrated component
10vgo(R, 0.5b) /715, given by (3.2) and (3.12) (short dashes).

for the numerical solution. For reasons of space we do not show the corresponding
plots.

7. Velocity relaxation and Brownian motion

In conclusion we consider the velocity autocorrelation function of a Brownian
particle of radius @ and mass m , initially located at the origin. We consider only the
z component of the motion. The velocity autocorrelation function may be evaluated
as the Fourier transform of the zz component of the frequency-dependent admittance
tensor (Felderhof 2005). The latter gives the mean velocity response of the particle to
an applied harmonic force. The admittance tensor differs from that for infinite space
due to the no-slip boundary condition at the wall. For a < b the difference may be
expressed in terms of a reaction field tensor. Here we need the zz component defined
by

F..(ro, w) = hl’I} (Gz0(r, ro) — G 200(r —10)), (7.1)

For,
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FiGUure 8. Plot of the flow velocity component v,(R,0.5b,¢) at cross-section z = 0.5b as
a function of R at the initial time ¢+ = 04 (dash-dotted curve), and at times r = 0.027,
(solid curve), and ¢ = 0.077, (long dashes). We compare with the time-integrated component
10v,0(R, 0.5b) /15, given by (3.2) and (3.12) (short dashes).
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FIGURE 9. Plot of the flow velocity component 10%vg(R,2.3b,1) at cross-section z = 2.3b
as a function of R at the initial time ¢ = 0+ (dash-dotted curve), and at times r = 0.02g,
(solid curve), and ¢ = 0.077, (long dashes). We compare with the time-integrated component
10*vgo(R, 2.3b)/7,, given by (3.2) and (3.12) (short dashes).

where G_,,(r,ro) is the element of the Green function tensor for the tube and
G ..00(r, ro) is the element for infinite space. In the present situation

F.(0, w) = v1,,(0)/P. (7.2)
The relevant element of the admittance tensor is
1
Y..(0, w) = Yo(w) [1 + 6mna <1 +aa + 3a2a2> F..(0, w)} , (7.3)
where %(w) is the scalar admittance for infinite space
1 —1
Yo(w) = {_ iom, + 6mna (1 +aa + 9a2a2)] ) (7.4)

In the theory of Brownian motion the velocity autocorrelation function of the particle
is defined by

sz(t) = <Uz(t)Uz(O)>7 (75)
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FIGURE 10. Plot of the flow velocity component 103v,(R, 2.3b, ) at cross-section z = 2.3b
as a function of R at the initial time + = 0+ (dash-dotted curve), and at times r = 0.027,
(solid curve) and # = 0.077, (long dashes). We compare with the time-integrated component
10*v,0(R, 2.3b) /7, given by (3.2) and (3.12) (short dashes).

where the angle brackets denote the equilibrium ensemble average. According to the
fluctuation—dissipation theorem its Fourier transform is given by

C..(w) = / e C..(1)dt = kyT¥ (0, w). (7.6)
0
The zero frequency admittance is the particle mobility. This takes the form
1 a
=(0) = 1—ko— |, 7.7
a0 = o (1-00f ) ()
with coefficient
ko = —6mnbF,;(0,0). (7.8)
From (3.12) we find
3 o0
ko = _nb2/ Aq(k)k dk = 2.10444. (7.9)
0

The numerical value agrees with that found by Faxén (1959), and has been confirmed
in computer simulation (Pagonabarraga et al. 1999). The value is to be compared
with Lorentz’s value 9/16 = 0.5625 for motion parallel to a plane wall at distance b.

The behaviour of the admittance at high frequency determines the added mass m,
of the particle according to

1

Y.0,0)r ———,
(0, ) —iw(m, +m,)

as w — o0. (7.10)
For infinite space the added mass takes the value m, = 1/2m, where m; = 4na’p/3
is the mass of displaced fluid, as follows from (7.4). For the present situation the
reaction factor F,,(0, ) behaves for large positive o as

ks,

F (0, 0) —W7

as a — o, (7.11)

with coefficient, from (4.11),

1, ["K
k= —b / (kD) 12 41 — 0.79682. (7.12)
o Li(kb)
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FiGure 11. Plot of v,(¢)/v,(0) as a function of t = ¢/1;,.

The factor k. /2 = 0.39841 is to be compared with the factor 1/32 = 0.03125 for
motion parallel to a plane wall (there is an erroneous factor 3 in (4.4) of Felderhof
2005). The added mass becomes

_ ompt %m.f
1 —kypad/b3

my —my. (7.13)
The added mass in the tube is larger than that for the same particle in infinite fluid.

The reaction factor F,, (0, w) may be regarded as the Fourier transform of a function
Y. (t) according to

1 ©
F.(0,0w) = / el (¢) dr. (7.14)
6mP Jo
The high-frequency behaviour given by (7.11) corresponds to the initial value
3k,
v.(0) = T (7.15)

It follows from (6.9) that the function v,(z) decays with a t—>/? long-time tail as

V.(t) = _2\1/51:_3/2’ ast — oo, (7.16)
where t = t/1;, with 7, = b?/v. In figure 11 we plot the ratio ¥.(¢)/v.(0) as a function
of .

If the ratio a/b is sufficiently large, the reaction factor has a strong effect on
the velocity correlation function of the Brownian particle. In figure 12 we plot the
normalized velocity autocorrelation function C,.(¢)/C,(0), calculated from (7.6), as
a function of 7 for a neutrally buoyant particle of radius a = 5b/9, a case studied
in computer simulation by Hagen et al. (1997) and Pagonabarraga et al. (1999). In
figure 13 we plot the corresponding function log,[|C..(¢)/C,.(0)]] as a function of
log,o(t). The correlation function passes through zero and decays with a =52 long-
time tail of negative amplitude. The negative sign is in contrast to what one would
expect from the behaviour near a plane wall (Felderhof 2005). Apparently in the
final stage the adverse pressure gradient causes a backward motion. The minimum of
the correlation function is much deeper than in the simulation. In the simulation the
correlation function decays with a negative t~*/? long-time tail due to the effect of
fluid compressibility, as explained qualitatively by Pagonabarraga et al. (1999). The
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FIGURE 12. Plot of C,.(t)/C..(0) as a function of ¢/7, for a Brownian particle
of radius a = 5b/9.
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FIGURE 13. Plot of log, |C,.(z)/C,;(0)| as a function of log;(¢/t,) for a Brownian particle of
radius @ = 5b/9. The dashed straight line indicates the behaviour corresponding to a r~>/?
long-time tail.

long-time decay is slower than the exponential behaviour suggested by a mode-
coupling argument (Bocquet & Barrat 1996), and moreover has the opposite sign.

8. Discussion

We have calculated the flow of a viscous incompressible fluid generated by a sudden
impulse at the centre of a circular tube and in the direction of the tube axis, with
no-slip boundary condition at the wall. The confinement by the wall has a drastic
effect on the flow. The calculation provides insight into the buildup of eddies in
the flow pattern generated by the steady-state motion of a small sphere along the
axis. The steady-state flow pattern corresponds to the integral over all time of the
time-dependent flow studied here.

One striking result is the negative ¢~/ long-time tail in the flow velocity at
the source point, shown in figures 12 and 13, where the particle is assumed to be
neutrally buoyant. In principle the long-time tail can be observed in the velocity
autocorrelation function of a Brownian particle (Jeney et al. 2008). It is known from
computer simulation (Hagen et al. 1997) that for a compressible fluid the correlation
function decays with a negative t~*/?> long-time tail, and this has been explained
qualitatively by Pagonabarraga et al. (1999). Elsewhere we have discussed the long-
time tail for a compressible fluid confined between two planar walls (Felderhof 2006).
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It would be of interest to extend the present calculation to a compressible fluid, and
investigate the numerical consequences for a realistic fluid like water.
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